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Abstract

We pursue the study of the Curie-Weiss model of self-organized criticality
we designed in [5]. We extend our results to more general interaction func-
tions and we prove that, for a class of symmetric distributions satisfying
a Cramér condition (C') and some integrability hypothesis, the sum S, of
the random variables behaves as in the typical critical generalized Ising
Curie-Weiss model. The fluctuations are of order n®* and the limiting
law is k exp(—Az*) dx where k and \ are suitable positive constants. In [5]
we obtained these results only for distributions having an even density.
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1 Introduction

In their famous article [3], Per Bak, Chao Tang and Kurt Wiesenfeld showed
that certain complex systems are naturally attracted by critical points, without
any external intervention. The amplification of small internal fluctuations can
lead to a critical state and cause a chain reaction leading to a radical change of
the system behavior. These systems exhibit the phenomenon of self-organized
criticality (SOC). In general SOC can be observed empirically or simulated on a
computer in various models. However the mathematical analysis of these models
turns out to be extremely difficult, even for the sandpile model (the archetype
of SOC, presented in [3]) whose definition is yet simple.

In [5] and [10], we introduced a Curie-Weiss model of self-organized critical-
ity (SOC): we transformed the distribution associated to the generalized Ising
Curie-Weiss model by implementing an automatic control of the inverse temper-
ature which forces the model to evolve towards a critical state. This is the model
given by (X¥)1<k<n such that, for all n > 1, (X},..., X?) has the distribution
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where p is a non-degenerate distribution on R and Z,, is a normalization con-
stant. We proved that, if p has an even density which satisfies some integrability
conditions, then the fluctuations of S, = X} +--- 4+ X7 are of order n%/4 and

the limiting law is
40 1/4 1\ ! 54
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This fluctuation result shows that the sum S,, behaves asymptotically as in the
typical critical generalized Ising Curie-Weiss model. Moreover, by construction,
it does not depend on any external parameter. In this sense, we can conclude
that this is a Curie-Weiss model of self-organized criticality. Our result presents
an unexpected universal feature. Indeed, this is in contrast to the situation in
the critical generalized Ising Curie-Weiss model: at the critical point, the fluc-
tuations are of order n'~1'/?* where k depends on the distribution p. Moreover
our integrability conditions on p are weaker than those required to define the
generalized Ising Curie-Weiss model, studied by Richard S. Ellis and Charles
M. Newman in [8]. For instance, our result holds for any centered Gaussian
measure on R. The Gaussian case of our model can be handled with the help
of an explicit computation [10].

In this paper, we extend the main results of [5] in three directions:

* We solve a problem about the mass at 0 of p that we met in [5] by using
a conditioning argument. This allows us to extend the law of large numbers
associated to our model.

* The hypothesis that the law p has a density is essential in the proof of the
fluctuations result in [5]. Here we use arguments coming from the work of Anders
Martin-Lof [11] to extend this result to any symmetric probability measure which
satisfies some integrability hypothesis and a Cramér condition:
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This includes a much larger class of probability measures. However the proof is
much more technical.

* We extend our model to more general interaction functions. This extension
is similar in spirit to the work of Richard S. Ellis and Theodor Eisele [7] in the
context of the generalized Ising Curie-Weiss model.

The model. Let g be a measurable real-valued function defined on R such that
g(u) ~ u?/2 in the neighbourhood of 0 and

u?

VueR  g(u) < PR
Let p be a probability measure on R, which is not the Dirac mass at 0. We
consider an infinite triangular array of real-valued random variables (X%)1<x<n
such that, for alln > 1, (X}!,..., X") has the distribution /i, , 4, whose density
with respect to p®" is
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We define S, = X} +-- -+ X? and T, = (X})? + -+ + (X7)2.

We state next our main result, which is a strengthening of theorems 1 and 2
of [5]:

Theorem 1. Let p be a symmetric probability measure on R with positive vari-
ance o® and such that

Jug > 0 / evo?’ dp(z) < +00.
R

Law of large numbers: Under [in. g, (Sn/n,Tn/n) converges in probability to-
wards (0,0?).

We suppose in addition that g has a fourth derivative at 0 and that the following

Cramér condition holds:

Va >0 sup
l(s,) 1>

<1 (©)
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Let puy be the fourth moment of p. We denote my = —g((0)/2 > 0.

Fluctuations result: Under fiy p g,
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The condition (C') is called the Cramér condition for the law of (Z, Z?), where Z
is a random variable with distribution p. The class of probability measures
satisfying (C) is much larger than the class of probability measures having a
density. Indeed, by the Lebesgue decomposition theorem (see [12]), there exist
three non-negative real numbers a, b, ¢ such that a +b+c =1 and

p =apac+bpis+cps,

where pg. is a probability measure with density f, pg is a discrete probability
measure and p; is a singular probability measure having no atoms. If a > 0, we
say that p has an absolutely continuous component.

Proposition 2. If p has an absolutely continuous component, then

Ya >0 sup Aeisz”tﬁ dp(z)| < 1.
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For example, the law
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satisfies the hypothesis of theorem 1.

In [5], we treated the case where g(u) = u?/2 for any u € R. We obtained a law
of large numbers under fi, , 4, for symmetric probability measures p such that
p({0}) < e'/2 or such that p(]0, ¢[) = 0 for some ¢ > 0. The above distribution
po does not satisfy this hypothesis. Moreover, in the fluctuations theorem of [5],
we only deal with a distribution p having an even density f which satisfies

AQ SP(x 4+ ) fP ()| P dedy < +oo,

for some p €]1,2]: once again this is not the case for py. Hence theorem 1
improves the main results of [5]. Yet its proof is much more complicated: we
have to use an approximation of the identity to obtain an asymptotic relation
between /7" and its Cramér transform. The final Laplace’s method is also much
more technical than in [5].

Remark: If we start with the model studied in [7] and we follow the same road
as in®[5]7 then we end up with the distribution yiy, , . whose density with respect
to p®" is

(1., Tp) —
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where Z;  is the renormalization constant. In this case, the result stated in

theorem 1 holds as well, but with (pq 4+ m40®)1/* instead of (p4 + mao®)t/4.

This paper is organized as follows. In section 2, we give some preliminaries
containing a list of all the results derived from [5] which are essential for the
proof of our main theorem. In section 3 we extend the results of [5] around
Varadhan’s lemma with a conditioning argument. Next, in section 4, we give



some generalities on the Cramér condition, we prove proposition 2 and a key
theorem : an asymptotic relation between the n-fold tensor product of a prob-
ability measure and its Cramér transform (theorem 8). Finally, in section 5, we
use Laplace’s method in order to prove theorem 1, with the help of the results
from sections 3 and 4. We end the paper by an appendix presenting the proof
of theorem 8.

2 Preliminaries

Here we give some notations and we list all the results derived from the sections
3 and 5 of [5] which are essential for the proof of theorem 1.

Let F and Fj be the functions defined on Rx ]0, +oo[ by
2
V(z,y) € Rx]0,+o0] F(z,y) = ;—y and F(z,y) =g () .
We define the sets
A={(z,y) eR*:2? <y} and A" = A\{(0,0)}.

We denote by v, the law of (Z,Z?), where Z is a random variable with distri-
bution p, and by 7, , the law of (S,,/n, T, /n) under p*™. Under [, , 4, the law
of (Sp/n,Tp/n) is

exp (nFy (2, ) La- (,y) dvn (2, )
/A* exp (nky(s,t)) dvy, (s, t)

Let p be a symmetric probability measure on R with variance o?. We define the
Laplace transform A of v, by

Y(u,v) € R? Au,v) = ln/ euztvz® dp(z)
R

and by Dy the set of the points (u,v) € R? such that A(u,v) < +o00. We define
next the Cramér transform I of v, by

Y(z,y) € R? I(z,y) = sup (ux+vy—A(u,v))
(u,v)€ER?

and by Dy the set of the points (r,y) € R? such that I(z,y) < +oo.

We suppose that (0,0) € ﬁA. Then I is a good rate function, i.e., it is non-
negative and for any a > 0, the set { (z,y) € R? : I(z,y) < a} is compact.
Moreover Cramér’s theorem states that (U, ,)n>1 satisfies a large deviations
principle, with speed n, governed by I. Next

[ —Inp({0}) it p({0}) >0,
o0 ={ MR ) 2o

and the I — F has a unique minimum on A* at (0, 0?), with (I — F)(0,02) = 0.
Moreover, if the support of p contains at least three points and if uy denotes
the fourth moment of p, then, when (z,y) goes to (0,0?),

paz’ + (y—o?)?
1208 2(py — o)’

I(l’,y)-F(.’E,y) ~



Finally, since g has a fourth derivative at 0, the Taylor-Young formula implies
that ) 5 .
TN € )10 R

g9(u) 5 749 (0) D]

We have g(u) < u?/2 for any u € R. Therefore g(* (0) = 0, my > 0 and thus,

when (z,y) goes to (0,0?%),

+o(ut).

m4x4

Fla,y) = By(ey) = oo (L o(1) = o+ ol y)lIY)

As a consequence

(pa +maot)z*  (y—o?)?

I({E,y)*Fg(IC,y)N 1258 2(/-114_0-4).

Remark: In the case of the model given by the distribution py, , ,, defined
in the remark at the end of the introduction, we replace F; by the function
(z,y) € Rx]0,+o00[— g(x)/y in the sections 2-5. The only difference is that,
when (z,y) goes to (0,0?),

(pa +myo®)zt  (y —o?)?
1208 2(pug — o)’

I({E,y) _Fg(x’y) ~

3 Around Varadhan’s lemma

In section 6 of [5], we proved the following result:

Lemma 3. Let p be a symmetric probability measure on R such that (0,0) € 5/\
and p({0}) = 0. Let 0% denote the variance of p. If A is a closed subset of R?
which does not contain (0,0?%) then

1 2\ .
limsup — ln/ exp <nac> dvn p(z,y) <0.
n—+oco N A*NA 2y

Actually we obtained in [5] this same conclusion for symmetric measures p such
that p({0}) < e~'/2 or such that p(]0, c[) = 0 for some ¢ > 0. This restriction is
due to the behaviour of I — F near the point (0, 0), which is a singularity of F.

In this section, we will extend this result to any non- degenerate symmetric
probability measure on R such that (0,0) € DA To this end, we will rely on a
conditioning argument in order to reduce the problem to the case of measures
which have no point mass at 0, and to apply lemma 3. We focus first on what
happens in the neighbourhood of (0,0).

Proposition 4. Suppose that p is a symmetric probability measure on R with
positive variance o and such that (0,0) € DA There exists v > 0 such that,
for 6 €]0, 02 small enough and for n large enough,

/ e"x2/<2y)]lo<y§§ Avp p(z,y) < e ™.



We notice that the constant  only depends on p (and not ¢).
Proof. If p({0}) = 0 then lemma 3 implies that the constant

1 1 ~
v = —= limsup — ln/ e"zz/(%)ﬂkygazp Avy, (2, y)

n—+oo T

is positive since { (z,y) € R? : 0 < y < 02/2} is a closed set which does not
contain (0,0?). For § €]0,02/2[, we have then

1 ~
limsup — ln/ 6nﬂg?/ﬂy)]10<y§<‘5 AU, p(T,y) < =27 < —7.

n—+4+oo N
Hence the result holds for probability measures which have no point mass at 0.

We suppose now that p({0}) > 0. Let n > 1 and Xy,..., X, be independent
random variables with common distribution p. We put

Sp=>_X; and T, :ix}.
] =1

For § > 0 small enough, we denote
E,;= /* em”Q/(Zy)]l(KySg Avp, p(z,y) .
Since vy, ,(A) = 1, we have
E,s =E (655/(2T’L)10<Tn§n5) .
For any ¢ > 0, we have

Ens <E (50 Solg, fn<cis,/ml) + B (€5 F s it mes)

and we write this sum I, 1 + I, 2.

y=clx|
— 2
A y=
(0,0?)
\ g (14|

In the figure, I,, ; is an integral on the vertically hatched area and I,, o is an
integral on the horizontally hatched area.



We notice that, if ¢|S,/n| < T, /n < d, then
S2 T2 T, _ nd
— < < —< —.
2T, — 2c2T,, ~— 2¢2 — 2¢2

In,ggexp(%>]}”<c <&§5) .

n
We denote @« = —Inp({0})/2 > 0. The function I is lower semi-continuous,
thus there exists a neighbourhood U of (0,0) such that

V(z,y)eld  I(z,y) > 1(0,0) — % - (mp({o}) " %) .

We can take § small enough so that { (z,y) € R? : c|z| <y <6} C U. We
choose ¢ = o /4/a (which only depends on p). Cramér’s theorem (see [6]) implies
that

We have thus
&

n

1 ] 4] ! o o
i — < — —] < — —_ = — — ] .
limsup —In 7, 5 < 5.3 1%f I< 5.2 +Inp({0})+ 5 Inp({0})+ 5 (1 + 02)

n—4o0o N [
If § < 0% then this last expression is smaller than
Inp({0})+a=-2a+a=—a«a.

Hence, for n large enough,

In72 < exp (_%) .

Let us focus now on I, ;. We define the random variable N,, by
N,={ke{0,...,n} : X;;=0}.
We have

2 2
Iml - F (esn/(2Tn)IlTn>OIlTn/n§c|Sn/n\) =E (eS"/(2T")IlTn>OILTn§C\Sn|)
n—1 )
_ Z E (es"/(QT”)]lTngc\Snﬂan:k)
k=0

and, for any k € {0,...,n— 1},

2
E (es’”/(QT”)]lTngc\Snﬂan:k)

S2 (2T,
=E [/ )1Tn§c|Sn| Z Ix;,=0 - Ix, =0 Lvjgir,....in} x; 20
1<i1<ig< - <ip<n
2
= Z E (es"/(QTn)]lTHSCISn\]lXilzo .. ]lXik:() ]IVj¢{i1 ,,,,, ik}XﬁéO)-

1<i1 <2< <ip<n

The random variables X1, ..., X, are exchangeable, hence the expectations in
the above sum are equal:

2
E (eS"/(zTn)]lTn§c|Sn|]1Nn:k)

n 2
= (kj)E (eS"/(ZTn)]lTngdsn\]le;éO . ]an—k?éo ]lxnikJrl:o - ]lX":())

n 2
= (k>E (e%n=r/CT L s Lxazo - L 0 Tx =0 -+ L, =0)-



By the independence of X7, ..., X,, we have
E (eS"/(QT")]lTngc\Snﬂan:k)
n

n 2
= <k> [T PX;=0)E (e5nr/CTbiy s, iTxizo - Lx, uz0)
j=n—k+1

n—k
- <Z> p({O1)*(1 = p({0}))" " E (esik/(QTnk)ILT e<elSns] H o Ly, 20 )

For any k € {1,...,n}, we set

k
_ 2 1 x;0
a, =E | 5/ T, (g I I e Ay
( ke <c| k\j:1]}p(Xj7é0)

so that we have
qun () o= ptton)” ; () tton* ot o)

We denote by p the probability measure p conditioned to R\{0}, i.e.,

p(- NR\{0})

P =pUIRMOY) = 5=

so that
VEe{l,...,n} Uy, = /* ekx2/(2y)]ly§c|x| dvg 5(x,y) -
The measure p is symmetric, p({0}) = 0 and
Y(u,v) € R? Au,v) = lnA&e“Z*'”Z2 dp(z) < A(u,v) —In(1 — p({0})),

thus (0,0) € Dy. Moreover the variance of 7 is 72 = o2(1 — p({0}))~* and the
closed set { (z,y) € R? : y < ¢|z| } does not contain (0,72). Applying lemma 3,
we get

1 ~
limsup — ln/ e’”z/@y)]lygcm dv5(2,y) <0.

k——+oo
Thus there exist ¢g > 0 and ng > 1 such that

Vk > ng g, < exp(—keop) .

For n > ng, we write I, ; = A, + B,, with

A=Y ()00 - pttoh)*

and
n

Bo= > w())attoprHa - pton)”.

k=no+1



For all k > 1, we have 7y, 5(A) = 1 thus uy, < exp(k/2) and then

A < p({O)" 3 20 (p((0) 1)

< p({0})"noe™ " max (1, (p({0}) " = 1)").

Moreover

n

5> et () )otton - sion)t

k=no+1

< (p({0}) + e (1 = p({0})

By,

IN

n
Therefore, setting

B8 =—1n[p({0}) + e~ (1 - p({0}))] >0,
we have that, for n large enough,
I,1 = A, + B, <exp(—na) + exp(—nf).

We notice that ¢, o and S only depend on p.

Finally we set v = min(a/4,3/2) (which only depends on p). For § €]0,02|
small enough and n large enough, we have

Epns <Ini+1In2 <exp(—nv).

This proves the proposition. O]

Now we can state the main result of this section, which is the announced refine-
ment of lemma 3 and which is essential to the proof of theorem 1.

Proposition 5. Let p be a symmetric probability measure on R with a positive
variance o and such that (0,0) € Dy. If A is a closed subset of R? which does
not contain (0,0?%) then

1 2\
limsup fln/ exp <nx> dvn p(2,y) < 0.
n—+oco M A*NA 2y

Proof. By proposition 4, there exist v > 0 and § > 0 such that

1 ~
limsup — ln/ e"m2/<2y)10<y§6 AV p(z,y) < —7v.

n—+oco N
We set As = {(z,y) € ANA:y>d}. We have
ANAC{(z,y) e A":0<y<J}UAs.

The set As is closed, it does not contain (0,02) and F is continuous on it. The
usual Varadhan’s lemma (see [6]) implies that

1
limsup — ln/ ene’/(2y) dv, ,(z,y) < —inf (I — F).
Ag As

n—+oo N

10



As a consequence

n—+oo T

. 1 na? . .
limsup — In exp | = ) dvpp(z,y) <max | —y, —inf (I - F) | .
A*NA 2y As

Since (0,0) € 5A, I is a good rate function and I — F attains its minimum on
the closed set As. Since As does not contain (0,02), we have

max(—’y, —inf(I—F)) <0
As

and the proposition is proved. O

4 The Cramér condition

Let d > 1. For any z = (aj +iby,...,aq +ibg) € C? and z = (x1,...,24) € RY,

we denote
d d
(z,2) = Z apTy + 1 Z brpTk -
k=1 k=1

If 2 € R then (z, x) is the Euclidean inner product of z and .

Let v be a non-degenerate probability measure on R?. We denote by L its Log-
Laplace and by J its Cramér transform. Let D;, and Dj be the domains of R?
where the functions L and J are respectively finite. We put

Dy={z=a+ibcC:ac Dy}

and we define the function M by
Vz € Dy M(z) = / e du(x).
Rd

We notice that the function s € R? — In M(s) is the Log-Laplace L of v and
that s € R — M (is) is the Fourier transform of v.

One of the key ingredients for proving the main theorem of [5] is the theorem
11 of [5] (which is extracted from [1]). This theorem allows us to express the
density of v*" as a function of J and, under the condition

Yo >0 sup |M(is)| <1, (@)

llsl|>e

we can then obtain an asymptotic expansion. The condition (C) is called the
Cramér condition. In [11], Anders Martin-Lof uses an approximation of the
identity to obtain a similar expression for more general measures on R satisfying
the condition (C'), without requiring the existence of a density.

In this section we will prove d-dimensional analogs of the results of [11].

11



a) Around the Cramér condition

We give here a sufficient condition for a measure v on R? to satisfy the Cramér
condition (C).

Lemma 6. If there exists so # 0 such that |M (iso)| = 1 then v is an arithmetic
measure, i.e., there exists (a,b) € R? such that

v({z eRY: (so,2) €a+bZ}) =1.

Proof. Suppose that |M(isg)| = 1 for some sg # 0. Thus

/ e 502 du () S/ dv(z)=1.
R4 R4

We are in the equality case of this classical inequality, that is, there exists by € R
such that

1=

ei(s0:2) — ¢ibo va.s.,

whence
v({z €RY: (sg,z) €bg+27Z}) =1

and the lemma is proved. O

Suppose that v has a density with respect to the Lebesgue measure. By the
Riemann-Lebesgue lemma,
/ e dy(x)
Rd

As a consequence, if v does not satisty (C), then there exists so # 0, such that
|M(isg)| = 1. By the previous lemma, v is arithmetic. This is absurd. Therefore
any probability measure having a density with respect to the Lebesgue measure
satisfies (C). Moreover, by the Lebesgue decomposition theorem (see [12]), a
probability measure v can be represented as the sum of three components:

| M (is)| = —

||s||—4o00

V=aVg+bvg+cus,

where v, is an absolutely continuous probability measure, v is a discrete prob-
ability measure, v, is a singular probability measure with no atoms and a, b, ¢
are three non-negative real numbers such that a +b+c¢ = 1. If a > 0, we
say that v has an absolutely continuous component. An absolutely continuous
probability measure admits a density, thus we have the following proposition:

Proposition 7. If v has an absolutely continuous component then it satisfies
the Cramér condition (C).

We end this section by giving the proof of proposition 2: we suppose that
P = apPgc+bpg+cps, where a > 0 and pg. is a probability measure on R having
a density f. We cannot use proposition 7 directly because v, does not have a
density. However, we saw in lemma 16 of [5] that, if v, . denotes the law of
(Z,Z*) where Z is a random variable with distribution p,., then V;fc has the
density

) _ ./ _ 2
fQZ(l',y)’—> \/ﬁf<$+ ;y X > f<$ ;y x > ]]_r2<2y~

12



We can write p*2 = a?p?2 + (1 — a?)n, where 7 is the probability measure on R?

defined by

1
N =150 + p% + 2ab pac * pa + 2 pac * ps + 2bc pa x ps) -

We have then

2

/ eisz+itz2 dp(z)
R

R2

<a®

) 2,2 "
A{z ezs(ery)Jrzt(I +y )dpai(x7y)‘ —+ (1 — QQ)

A@ dn(z,y)‘

<a? +1—d

/ elsu—Hm dl/*2 (U,’U)
R2 Pac

Hence
. ., 2 2 . .
sup / e* i dp(2)| <a®  sup / e SUT I £ (u,v) dudv| + 1 — a?.
(st)l1>e | /R (s, )= [JR?

Proposition 7 implies that the supremum in the right side of the previous in-
equality is stricly smaller that 1. This ends the proof of proposition 2.
b) An asymptotic relation with the Cramér transform

We define the function k£ by

d
Vo = (21,...,24) € RY k:(x):HmaX(l—|xj|,O)

j=1

and, for ¢ > 0, the function k. by
1
Ve eRY  ko(c) = —k (f) .

It is an approximation of the identity on R since the integral of k is equal to 1.
Finally, for any n > 1 and ¢ > 0, we introduce

Pne xR kc(s —nx) dv™(s).
Rd

We notice that ¢, () = (k. * v*")(nz) for any x € R%. A standard result on
the approximations of the identity says that, if »*" has a density f,, then

lim |on,c(x) — fo(nz)| dz=0.

c—=0 Jpd

This suggests that the asymptotic behaviour of ¢, . and v*" are related, even
in the general case when v*" does not have a density. The following theorem is
the key result for the proof of theorem 1:

13



Theorem 8. Let v be a non-degenerate probability measure on R% such that the
interior of Dy, is not empty. Let Kj be a compact subset of Ay, the admissible
domain of J. If v satisfies the Cramér condition

Yo > 0 sup |M(is)| <1, (©)
llsllZox

then there exists v > 0 such that, when n goes to +00 and c goes to 0, uniformly
over x € Kj,

On.c(x) = (2n)~Y/? (det DiJ) 2 e /(@) (1 +o(1)+0O (nd/2e_"’”c_d)) .

We postpone the proof of this theorem in appendix.

5 Proof of theorem 1

In this section we use first proposition 5 to prove the law of large numbers
under fin 4. Next, in order to prove the fluctuations theorem, we use Laplace’s
method: to this end, we introduce an integral with the approximation of the
identity of section 4. Then proposition 8 gives the expansion of this integral. The
technical part of the proof is to show that the remaining terms are negligible.

Suppose that p is a symmetric probability measure on R with positive vari-
ance o2 and such that

Jug >0 / e’ dp(z) < +o00.
R

a) Proof of the law of large numbers

The fact that g(u) ~ u?/2 in the neighbourhood of 0 implies that Fy, is positive
on some open neighbourhood V of (0, 02), which is included in A*. We have then

Zug = [ expnBy(e.) (o) > 5y 0).
The large deviations principle satisfied by (Vp,,)n>1 implies that

1 1.
liminf —InZ, ; > liminf —Inv, ,(V) > — inf I(z,y)=0.

n—+4oo n n—+oo N (x,y)EV

We denote by 6,, , 4 the distribution of (S, /n,T,/n) under [, , . Let U be an
open neighbourhood of (0,0?) in R?. Since F, < F, the results of section 2 and
proposition 5 imply that

1 1
limsup —In 6, , 4(U°) < limsup — ln/ exp (nfy(z,y)) dvn p(z,y)
INIRIZE

n—+oco N n—+oco N

1
— liminf —InZ, 4 < 0.

n—+oco N

Hence there exist € > 0 and ng € N such that

VYn > ng On,p(U) < exp(—ne).
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Thus, for each open neighbourhood U of (0,0?),

Sn Th :
lim ﬁn,p,g <<;,7> S M(,) =0

n—-+oo n

This means that, under fi, , ¢, (Sn/n, T}, /n) converges in probability to (0,c?).

b) Proof of the fluctuations result

We suppose in addition that g has a fourth derivative at 0 and that p satisfies

Ya >0 sup / gis= itz dp(z)| < 1. (©)
R

(s, Zex

This is the Cramér condition for v,. Let us prove that, under fiy , g,

- 4 ay\\ 174 1\ ! 4
5 i> ((,u4+m40 )> T <7> exp <M4+m40 54> ds.

n3/4 n—oo 304 4 1208

This is equivalent to the convergence announced in theorem 1. For u € R, we
define

x1++xn x1+...+xn
n(af + - +a3)

X Lpa2ptaz >0 H dp(z;).

j=1

Let us notice that Z, , = E,(0) and that

B e (. 550) | = 2257

By Paul Levy’s theorem, in order to obtain the convergence in law stated in
theorem 1, it is necessary and sufficient to prove that, for any u € R, the
sequence (E,(u)/E,(0)),>1 converges towards

oo (g Hatmach)aty
L P 125°

(g + myo*)z?
Mt mao)r
Aexp( 1958 x

To this end, we will compute the expansion of E,(u), n > 1, u € R. We denote
by p,, the law of (S, /n,T,/n) under p®". We have

Yu e R E,(u) = / exp (iuxn1/4 + an(x,y)) Avy, p(z,y) .
Let w € R and § > 0. We denote by Bs the open ball in R? of radius § centered

at (0,02). We choose § small enough so that By is included in K, a compact
subset of Ay C A*. We define

fn: (2,y) € R? — exp(iuant/?).

15



For all n > 1, we write E,(u) = A,, + B,, with

A= [ e, wd B[ feta,,
Bs (Bg)CﬂA*

First, since Fy < F', proposition 5 implies that there exists €9 > 0 such that, for
n large enough,
| B, | < exp(—neg) .

We next compute the expansion of A,,, using the results of the last section. We
define the function k& by

Y(z,y) € R? k(z,y) = max(1 — |z|,0) x max(1 — |y|,0)
and, for ¢ > 0, we define k. by
1
oy €R ke(ay) = k(5. 2).

We put
Ao :/ Fiejn # (fue" 15, ) (5,) di,p(s,1)
R?

and Ay, .02 = A, — Ay 1. Fubini’s theorem implies that

S

_ nky t *n
An,c,l = Az kc/n * (fne ‘ ]lBa) <Ea n dl/p (Svt)
= E _ 3 _ nkg (way) > *7
= (L ko (2= =) fulo) B, (o) o dy) o s.0)
= / ful(z,y) e"Fg(gE’y)]IB(s (z,9) (/ n?k, (s — nx,t — ny) dvy" (s, t)) dx dy
R2 R?

=n? [ fulz,y) "D o o(2,y) de dy,

Bs
where
Y(z,y) € R? Onc(z,y) = / ke (s —nx,t —ny) dv;"(s,t).
RZ
We denote
Hy.:(x,y) € R? — ne"l(’”’y)gan,c(x, Y) .
Hence

Aper = n/ fu(z,v) e U= (@y) Hy o(x,y) d dy.
Bs

The measure v, satisfies the Cramér condition, thus, by theorem 8, there exists
~ > 0 such that, when n goes to +00 and ¢ goes to 0, uniformly over (z,y) € K7,

Hy o(z,y) = % (det ngw)I)l/2 (1 +0(1)4+ 0 (ne—'ync—Q)) .

We suppose that
Ene=ne "¢ — 0.
’ n—oo
c—0

16



Then, uniformly over (z,y) € Kj,

1 9 1/2
Hpc(z,y) — égj(detl) I) .

n— oo (=,y)
c—0
We denote
Bsn = { (z,y) € R* ¢ |[(an™ "4 yn™1?)| < 6},
where || - || is the euclidean norm on R2. Let us make the change of variable

given by (z,y) — (an~ Y4, yn~Y/2 4 ¢?) with Jacobian n~?/%:

An,c,l = ’I’L1/4/ exp (’L’LLiL' — n(I — Fé) (xn_1/47yn_1/2 + 0.2))
Bs,n
X Hn,c (xn_l/47yn_1/2 + 0'2) dx dy.

We check now that we can apply the dominated convergence theorem to this
integral. The uniform expansion of H, . means that for any o > 0, there exist
no € N and ¢y > 0 such that

—1/2

(r,y) e K1 n>ng ¢c<c¢ = ‘Hn,c(a:,y) 2 (detD%wjy)I) - 1‘ <a.

If (x,y) € Bsn, then (z,,,y,) = (zn='/*,yn=1/2 4 ¢2) € Bs C K, thus for all
n >ng, ¢ < c¢o and (z,y) € By,

X Yy 2 2 —-1/2
‘Hn,c <m, % + o ) 2T (det D(rmyn)‘r> — 1‘ § .

Moreover (z,,,y,) — (0,02) thus, by continuity,

(Dh?) " 2 Dhnt) " = (Dhg) .

(®n,yn) n—+oo

whose determinant is equal to y/c2(pug — 0*). Therefore

r Y ~1/2
ﬂBzS,n(x’y) H, . (m, % + 02> = (47r202(,“4 _ J4))
c—0
We proved in section 2 that, when (x,%) goes to (0,02),
(,u4 + m404)x4 (y — 02)2
I —F ~ .
(@, y) — Fy(z,y) 558 =T
It follows that
x Y 2 (N4 + m404)x4 y2
I—F) | — — . .
n( g)<n1/4’\/ﬁ+0 ) o 1255 +2(,u4—a4)

Let us check that the integrand is dominated by an integrable function, which
is independent of n. The function

(2,y) — (D3,,1) "

17



is bounded on Bs by some M; > 0. The uniform expansion of H,, . implies that
for all (x,y) € Bs, Hp,c(x,y) < Cs for some constant C5 > 0. Finally, it follows
from the above expansion of the proposition that, for § > 0 small enough,

(pa +maoh)at  (y —0°)?
2408 4(pg — o)

V(z,y) € Bs  G(z,y) = I(z,y) — Fy(v,y) >

and thus, for § small enough, for any (z,y) € R?, n > ng and ¢ < co,

r Yy T oy
o eyese (nlr =) (557, 5 o)) e (5570 )
<_ (M4 + m40'4):L‘4 _ y2 )

2408 4(py — o*)

and the right term is an integrable function on R2. It follows from the dominated
convergence theorem that, when n goes to +oc and ¢ goes to 0, then n='/44,, .,
converges to

exp(iuz) (pa + myot)z? >
exp | — 5 — o | dedy.
R2 /27102 /271' by — 0.4 120 2(/14 — 0 )

By Fubini’s theorem, we get

A ~
el o
c—0

1/4 4y ,.4
n exp (iug — AT mao )TN
2m0? Jr 1208

Now we deal with A, ;2. We will introduce an indicator function in order to
simplify the expression of A, .. We put a = §/(2v/2) and

Avgr= [ [Fals.) "B, (5.0) = kg ("1, (31)] P p(s.0),

Apon = / Fuls,6) DTy (5, 8) (5, 1)
(Bo)

An,c,E’) = ‘/(‘B e kc/n * (fnenF‘;']lBa) (Svt) dgn,p(sat)a

so that Ay co = Anc3+ Aneca — An,cs. Since Bs C A" and F; < F, we have

|A7l,614| S / enF dﬁn,p
(Ba)eNA*

and proposition 5 ensures that there exists e; > 0 such that, for n large enough,

Apca = O (exp(—ney)) .

n— oo
c—0

Until now we used the standard techniques of Laplace’s method (cf. the proof
of the main result of [5]) together with an approximation of the identity. The
computation of the expansion of A, .3 and A, .5 is the technical part of this
proof.

18



Lemma 9. If §, ¢/n and cn'/* are small enough, then

An,c,3 0 (En(o)) )

n—o0
c—0

Apes = O (/(B . enF(s.t) dﬁn,p(S,t)> .

c—0

Suppose that lemma 9 has been proved. Then proposition 5 ensures that there
exists e > 0 such that, for n large enough,

Anes O (exp(—neq)) .

n—:>oc
c—0
We put now together the previous estimates in order to conclude. We take
c = 1/n so that ¢, ne™""c=2 and cn'/* go to 0 when n — +oo. For § small
enough, when n goes to 400, we have

1/4 + 4\,.4
A, = ner Rexp <zu:c - W) dz (14 o(1))
+ O(En(())) +0 (efnel + efnaz) )
Finally
1/4 4\, .4
e e e = o D exp (iug — Pt mao )TN
n—o0 A /271'0'2 R 120-8

thus F,(u) = A, + B, is equal to

1/4 4),.4
\/nm Rexp <zux - W) dz (14 0(1)) + 0 (E,(0)) .

Hence 1 o
n . (g + myo*)x
E,(0) ~ Nore Rexp (zu:c - 1208> dx .
Therefore
/ exp | tux — —(,u4 * m4a4)m4 dx
E0) e P 1208
E,(0) n—+oo / < (pa + m404)x4>
exp|———F g | dz
R 120

This ends the proof of theorem 1.
We still have to prove the expansions of A,, .3 and A, . 5 stated in lemma 9.

Proof of Lemma 9. For (s,t) € By, if we have k./,(z — s,y —t) # 0, then
1—1n(x—s)/c| >0 and 1—1n(y—1t)/c| >0

and thus, for ¢/n < «a,

c
|z < |z —s|+]s| <
n

)

Sl

5
+—=<
2V2
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-t <ly—tl+l—o? < S+ 2 <L
Y > Y n 22 V2
Hence (z,y) € Bs and
V(S7t) € Ba kc/n(x —5Y = t) = kc/n(m -5y = t)]lB(s (l‘,y) .
This implies that
]lBa X ( c/n ¥ (fn ks g]lB )) :]lBa X ( c/n * (fn )) .

We have shown that, for ¢/n < «,

Anes = [RQ g, (s,t) [fn(57t) A (fne"Fg) (s,t)] dvp p(s,t) .
Let (s,t) € B,. We have

|:fn nhy c/n (fn g)] (Sat)

- / (Fals )0 = fo(s =t — y)e =20 ko () da dy
R2

= "D f (s,1) /

R

=B (st) [ (1= et ) b ) dady,
[-1,1]2

(1 _ enllls,t,n(cx/n’cy/n)) kj(.T, y) dx dy
2

with, for each (x,y) € R?,
U, ynlz,y) = F(s —x,t —y) — Fy(s, t) — iuan'/*.

By hypothesis, the function g has a fourth derivative at 0 thus g is C! in a
neighbourhood of 0. As a consequence F; is C! in a neighbourhood of (0,0?).
Hence the mean value inequality implies that there exist » > 0 and M > 0 such
that, for any (s,t) € B, and (z,y) € [-1,1]?,

[z <r and |yl <r = |F(s —a,t —y) = F(s,t)| < Ml|(z,9)]-

If § is small enough (so that a < r) and ¢ < rn then, for any (s,t) € B, and
(xay) € [_]-7 1]2a

i (S50 [ 20 | (550 S
n’'n

< MV2e¢+ |u|ent/?,

By applying the mean value inequality to the function (z,y) € R? — e* T we
prove that, if z € C has a small enough real part, then |1 — e?| < 2|z|. Therefore,
if en'/* goes to 0, then, for any (s,t) € By, uniformly over (z,y) € [-1,1]?,

‘1 — emVsemlea/mey/m)l < ONIV/2 e 4 2u| ent/t = 0(1).

Hence, if §, ¢/n and cn'/* are small enough, then A, .3 = o(FE,(0)) when

n — oo and ¢ — 0. Next, for (s,t) € R%, we have

kc/n*(fnean]lBa) (Sat) /[ Inc/m]? kc/n(:r,y) (fnenF;’]lB,&) (sf:r,tfy) dx dy.
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We suppose that ||s,t — o?|| > § +v/2¢/n. For |z| < ¢/n and |y| < ¢/n, we have
then

(5=, t—5)—(0,0%) | > |15, =02~ 2, yl| > 6+ve/n—/(c/n)2 + (e/n)? > 6
so that 1p,(s —z,t —y) = 0 and then

kc/n * (fnean]]-B5> (S7t) =0.
If ¢/n is small enough so that § + v/2¢/n < 2§ then

kc/n * (fnenF‘:]]le) = (kc/n * (fnenF‘;l]lBg)) X ]lB25 .

Hence

‘An,c,5| S/ </
(Ba)®NBas NJR?

< / (k:c/n * e"Fg) (s,t) dUp p(s, ).
(BQ)CQBQ(;

Fopnls = 2, = 0) (fuc" 1, ) e, )| iz dy) (s,

We note that, for 6 small enough, we have on By,
|k:c/n * e”F9| < ey 4 |e"Fg — kejn * e"Fg| < et (1 + 2M\/§c) ,

if ¢/n is small enough (we use here the same argument as in the control of 4, . 3,
with u = 0). Finally

Ancs 150 O ( /( . et dan,pas,t)) :

c—0

This ends the proof of the lemma. O

Appendix
Proof of theorem 8

The ideas of the proof of theorem 8 come from the article [11] of Anders Martin-
Lof. Tt relies also on the following proposition:

Proposition A.1. Let v be a non-degenerate probability measure on R* such
that the interior of Dy, is non-empty. Let Aj be the admissible domain of J.

(a) The function VL is a C™-diffeomorphism from l%L to Ay. Moreover
AyjCcDy={zeR?: J(z) < +oo}.

(b) Denote by X the inverse C™-diffeomorphism of VL. Then the map J is C™
on Ay and for any x € Ay,

J(@) = (z, M@)) = L(M2)),

V(@)= (VL) 'z) = A@)  and  D2J = (Di,L)

(c) If Dy, is an open subset of R? then Ay = 5,] = ¢ where C denotes the
convex hull of the support of v.
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The points (a) and (b) are proved in [1] and [4] and the point (¢) in [5].
We will also need the two following lemmas:

Lemma A.2. For anyc>0 and z € C,

/ o) b (1 ﬁ (cosh( czj —1)
R st (czj)? '

Moreover, for any compact K of R, there exists M > 0 such that
2(cosh(u +is) — 1) ‘ .M

Vs eR .
y SeK‘ (u+1is)? — 1452

Proof. For any ¢ € C\{0},

1
/ e%* max (1 — |s|,0) ds = / (1 — |s]) ds
R —1

1 1
= / e ds — 2 / scosh(Cs) ds
-1 0

2sinh(¢) 5 (sinh(() ~ cosh(() — 1)
¢ ¢ (©)?
2(cosh(¢) — 1)

¢ '
and this last function can be extended to a continuous function at ( = 0. By
Fubini’s theorem, we have, for any ¢ > 0 and z € C?,

d
1 T
(a:,z)k doe = 7/ TjZj 1— J
e o(z)dx €®I% max
Juoctntorae =TT 2 [ e
d
= H/ e®7% max (1 — |z;|,0) dz;
jZ1JR

ﬁ (cosh( czj -1
(czj)? '

j=1

,0) dz;

Next we define
2(1 + s?)(cosh(u +is) — 1)

fi(s,u) eERx K +— (u +is)2

This is a continuous function on R x K (at u = s = 0 it can be extended to a
continuous function by setting f(0,0) = 1). Thus f is bounded over the compact
set [—1,1] x K. Moreover, if |s| > 1 and u € K, we have

F(s,u)| = 21(;712) lcosh(u + is) — 1] < 2 (S% + 1) (cosh(w) + 1)

< 4 sup (cosh(u) + 1) < 4o0.
ueK

Hence f is bounded over R x K by some constant M > 0. This ends the proof
of the lemma. O
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Lemma A.3 (Uniform dominated convergence theorem). Let X be a separable
metric space and let (2, F, 1) be a measurable space. Let f and f,, n > 1, be
real or complex-valued measurable functions defined on X x Q. Suppose that,
for any w € Q, the functions x — f(x,w) and x — fy(z,w), n € N, are
continuous on X and that

sup | fn (2, w) — f(z,w)| — 0.

rzeX n—oQ

Suppose also that there exists a mnon-negative and integrable function g on )
such that
VneN VezedX Ywel | fr(z,w)] < g(w).

Then for any x € X, the function w — f(x,w) is integrable and

/fnxwdu /fxwdu

Proof. We adapt the proof of the classical dominated convergence theorem
n [12]. Sending n to +oco in the domination inequality, we get

— 0.

n—oo

sup
reX

V(z,w)e X xQ  [f(z,w)] < gw).
This shows that w — f(z,w) is integrable. For any n € N, we set

hy i w— sup |fo(z,w) — f(z,w)].
zeX

For all n € N and w € Q, the function x € X — |f,(z,w) — f(z,w)| is con-
tinuous and, since & is separable, its supremum is equal to its supremum on
a countable dense subset of X. Therefore h,, is a measurable function. More-
over (29 — hp)nen is a sequence of non-negative functions whose limit is the
function 2g. Fatou’s lemma implies that

/diu: / liminf (29 — h,,) dp < liminf /(29—hn) du
Q Q Q

n—-+o0o n—-+o00

:/2gdu—limsup /hnd,u.
Q n—+oo JQ

Since g is integrable, we get that

limsup / hy du < 0.
Q

n—-+4oo

Hence [, hyn dpp — 0 since for any n € N, h,, is a non-negative function. Finally

sup /fn 7,00) dp(w /f #,0) dp(w ‘< sup/ [ fulrs0) = F(a,0)| dpa(w)
reEX zeX
< / hpdy — 0.
9] n—oo
and the lemma is proved. O
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Proof of theorem 8. Lemma A.2 implies that

d
z 2(1
Vs € R? | | o8 CSJ))

CS]

and, for any u € R%, the function 2 — e{*® k.(x) has the Fourier transform

d .
s e R s H 2(cosh(c(u; +is;)) — 1)

. (c(uj +isj))?

)

which can be rewritten as

| e )

This is an integrable function, thus by the Fourier inversion formula (see [12]),
the Fourier transform of s+ (271) % k.(s —iu) is y — e (“¥k.(y). Let
x € K; and u € R% A straightforward computation yields us that the Fourier
transform of

Jj=1

nzu+157€\(

s s —iu)

(2m)d

is the function y — e~ (“¥ k. (y — nz). We have then

puc@) = [ by —na) e du )
Rd

) —n{w,u—i—is)/]; (S _ ZU)
= i(s,y) ¢ ¢ d (u,y) dv*™
A@(A@e G s)e v (y).
By Fubini’s theorem,
7n<z,u+is)/k\ ( _ ) )
e S — iU
= < i(s,y) o(usy) g,,5n > d
On,e(T) A@ @) <A§d e e v (y) ) ds

e—nwutis) L (s —iu)
= = M i)™ ds.
Ad G (u+1is)"ds

However x € A thus, if A denotes the inverse function of VL, then theorem A.1
states that
J(z) = (Mz),z) —In M (A\(x)).

Replacing u by A(z) in the previous integral, we get

(pn,c(x) = e—nJ(m) Ad e—in(z,s) M](Q((i)(;;;:)n /]%c(s — Z>\($)) ds

We denote by s, the measure on R? such that
elety, ()

dpa(y) = M)

dv(y+x).

Its Fourier transform is the function

—ita,s) MA(@) +is)

e M)
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so that

@) = e [ ()" Fels — iMe)

For any x € K ;, the mean of u, is

elz+y,A(z)) p B elz:A (@) J _YIin 0
L veaioay @0 = [ G015y ) = VEO@) —x =

and its covariance matrix is 'y = Di(I)L since for 1 <14,j < dand s € Dy,

(T2)ij = Jea yiyje</\(w)’y+w> dv(y + ) _ Jra(zi —23) (25 — xj)e<>‘(w)72) dv(z)
| M(A) M)

_ Jra ZiZj6<)‘(I)’Z> dv(z) o 2L

- M(X(x)) iy =

When ¢t — 0, uniformly over x € K, we have the expansion
. 1 2
fa(t) = 1= 5(Tats t) +of[|2]]7) -
Indeed the function (x,t) — i, (t) is C> on Ay x R? (by proposition A.1), thus

the Taylor-Lagrange formula guarantees that the remainder term is uniformly
controlled over « € K ;. Therefore, for any ¢t € R¢, uniformly over z € K,

s (\/tﬁ)n 0 OxXp (—%<F1t7t>> .

Moreover, for any ¢ >0, n > 1,t € R? and z € K},

. (ﬁ —iM@)) = [ fenls)ds,

with
Vs € RY fen(z,8) =exp <z%<s,t) + (s, /\(a:)>) k(s) .
We have
e
S [fen(r8) ()] = b(s) supfexp (i(s.8) +els, M) ) -1 T

and, for all s e R%, z € K;, c<1landn>1,

|[fen(z,8)] <k(s) sup exp(t, \(x)).
z€Ky
te[—1,1]4

The term on the right defines an integrable function on R? since k(s) = 0 for any
s ¢ [~1,1]%. Thus the uniform dominated convergence theorem (lemma A.3)
states that, for any ¢t € R%, uniformly over z € K,

ke (% — M(m)) WS 1.

c—0
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The functions & — [i,(t) and x — exp (—([',t,t)/2), t € R?, are continuous
on K. In order to apply the dominated convergence theorem (the uniform
variant), we need to get a uniform domination of the sequence of functions.
For x € Ay, T, is a positive definite symmetric matrix thus e,, its smallest
eigenvalue, is positive. The largest eigenvalue of the inverse of I',, is £, 1. There-
fore, for any x € Ay,

1 Iy T=1y)\ /2
€y = (max{a : v eigenvalue of T';* }) = <sup W) .
v20  (U,Y)

The term on the right is the inverse of the operator norm of the linear application
associated to the matrix I';'. Moreover z — I';, = D2 | L is continuous on A
thus the function z —— &, is continuous. Let us denote by g¢ its minimum
on K ;. The compactness of K; ensures that g > 0. The previous expansion
implies that there exists § > 0 such that

V(t, ) € B0,5) x Ky |fn(t)] < 1— % ((re - 2) 1.t

The spectral theorem for real symmetric matrices yields that, for any = € K,
the matrix I'y, — ¢ply is positive symmetric. Thus

d _% > 02 = _ >
vt € R <(r : Id) 1) = S = (Ta = cola)t 1) > 0.
It follows that
~ [
Vit,2) €BO0,6) x Ky [0 < 1—

Since 1 —y < e ¥ for all y > 0, we get

—=]] < —20t12) .
: (ﬁ) <exp (=71l

The right term is integrable and does not depend on z € K; and n. Moreover
ke (t) = k:(ct) for t € R, and by lemma A.2, the function k. (-/v/n —iX(z)) is
bounded uniformly over x € Ky, ¢ > 0 and n > 1. The uniform dominated
convergence theorem (lemma A.3) implies that, uniformly over = € K,

/llt|<6\/ﬁﬁx (\/tﬁy ke <ﬁ - Z'/\(5f3)> dt
n s teo Ad xp (_% ((D3w)L) t,t>> dt .

c—0

Vn>1 V(t,x) € B(0,5vn) x K,

Moreover this second integral is equal to (27)%/? (det Fm)fl/ % and proposition
A.1 guarantees that, for z € A;, D3 oL is the inverse matrix of D2.J. Therefore,
when n — oo and ¢ — 0, uniformly over z € K,

/|t|<§ fie ()" e(s — i(w)) ds = n~/? /|t|<6\/ﬁ Ha (\}%)n ke <# - M(@) dt

2\ /2 /
~(%> (detD27) """
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Let us consider now the remaining integral

/ fia ()" oo — iA(2)) ds
Iel1>5

the rest of the integral. The measure v satisfies the Cramér condition and v is
absolutely continuous with respect to p,. By lemma 4 of [2], we get that i,
also satisfies the Cramér condition:

sup |fiz(s)| < L.
Is[[>d

Therefore, by the compactness of K,

sup sup |Hz(s)|=e77 <1,
z€K g ||s||>5

for some v > 0. As a consequence

€Ky

sup

< 67”7/ sup Ec(s—i)\(x))ds.
R

d ze€K y

/ fa(5)" o — iA(x)) ds
Is[|>d

By lemma A.2; we have

fag-sne-off i) o)

Finally, when n — 400 and ¢ — 0,

e—nJ(x)

o\ /2 1/
Pn,c(z) = 2t <<2n> (det DiJ) / (14+0(1))+0 (e‘mc—d)>

= (27n)~ Y2 (det DiJ) V2 e /(@ (1 +0o(1)+ 0 (nd/2e_7"c_d)).

The boundedness of the function z +— (det D}.J )1/ ® on K and the previous
study show us that this expansion is uniform over z € K ;. This ends the proof

of theorem 8. O
References
[1] Cristina Andriani and Paolo Baldi. Sharp estimates of deviations of the

sample mean in many dimensions. Ann. Inst. H. Poincaré Probab. Statist.,
33(3):371-385, 1997.

Raghu Raj Bahadur and R. Ranga Rao. On deviations of the sample mean.
Ann. Math. Statist., 31:1015-1027, 1960.

Per Bak, Chao Tang, and Kurt Wiesenfeld. Self-organized criticality: An
explanation of 1/f noise. Phys. Rev. Lett., 59:381-384, 1987.

A. A. Borovkov and A. A. Mogulskii. Large deviations and testing statis-
tical hypotheses. 1. Large deviations of sums of random vectors. Siberian
Adv. Math., 2(3):52-120, 1992. Siberian Advances in Mathematics.

27



[5] Raphagl Cerf and Matthias Gorny. A Curie-Weiss model of Self-Organized
Criticality. The Annals of Probability, to appear, 2015.

[6] Amir Dembo and Ofer Zeitouni. Large deviations techniques and applica-
tions, volume 38 of Stochastic Modelling and Applied Probability. Springer-
Verlag, 2010.

[7] Theodor Eisele and Richard S. Ellis. Multiple phase transitions in the
generalized Curie-Weiss model. J. Statist. Phys., 52(1-2):161-202, 1988.

[8] Richard S. Ellis and Charles M. Newman. Limit theorems for sums of
dependent random variables occurring in statistical mechanics. Z. Wahrsch.
Verw. Gebiete, 44(2):117-139, 1978.

[9] William Feller. An introduction to probability theory and its applications.
Vol. II. Second edition. John Wiley & Sons Inc., 1971.

[10] Matthias Gorny. A Curie-Weiss model of Self-Organized Criticality : The
Gaussian Case. Markov processes and related fields, 20(3):563-576, 2014.

[11] Anders Martin-Lof. A Laplace approximation for sums of independent
random variables. Z. Wahrsch. Verw. Gebiete, 59(1):101-115, 1982.

[12] Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., third
edition, 1987.

28



