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Abstract

In this paper, we introduce a Markov process whose unique invariant
distribution is the Curie-Weiss model of self-organized criticality (SOC)
we designed and studied in [4]. In the Gaussian case, we prove rigorously
that it is a dynamical model of SOC: the fluctuations of the sum Sy(-)
of the process evolve in a time scale of order y/n and in a space scale of
order n*/* and the limiting process is the solution of a "critical" stochastic
differential equation.
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1 Introduction

In [4] and [10], we introduced a Curie-Weiss model of self-organized criticality
(SOC): we transformed the distribution associated to the generalized Ising Curie-
Weiss model by implementing an automatic control of the inverse temperature
which forces the model to evolve towards a critical state. It is the model given
by an infinite triangular array of real-valued random variables (X%);<j<, such
that, for all n > 1, (X},..., X") has the distribution
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where p is a probability measure on R which is not the Dirac mass at 0, and
where Z,, is the normalization constant. We extended the study of this model
in [11], [12] and [13]. For symmetric distributions satisfying some exponential
moment condition, we proved that the sum S,, of the random variables behaves
as in the typical critical generalized Ising Curie-Weiss model: the fluctuations are
of order n*/* and the limiting law is C exp(—Az*) dz where C' and \ are suitable
positive constants. Moreover, by construction, the model does not depend on any
external parameter. That is why we can conclude it exhibits the phenomenon of
self-organized criticality (SOC). Our motivations for studying such a model are
detailed in [4].

This model describes interacting elements in thermodynamic equilibrium. How-
ever self-organized criticality seems to be a dynamical phenomenon, as is high-
lighted by the archetype of SOC : the sandpile model introduced by Per Bak,
Chao Tang and Kurt Wiesenfeld in their seminal 1987 paper [1]. That is why, in
this paper, we try to design a dynamical Curie-Weiss model of SOC.

We choose to build a dynamical model as a Markov process whose unique
invariant distribution is the law of (a modified version of) the Curie-Weiss model
of SOC. One way of building such a process is to consider the associated Langevin
diffusion (see [16] for example).

The model. Let ¢ be a C? function from R to R which is even and such that
the function exp(2¢) is integrable over R. We suppose that there exists C' > 0
such that

VeeR  xzp/(z) < C(1+22).

We denote by p the probability measure with density

x — exp(2¢(x)) (/R exp(2¢(t)) dt> -

with respect to the Lebesgue measure on R. We consider an infinite triangular
array of stochastic processes (XF¥(t), t > 0)1<r<n such that, for all n > 1,

(Xa (), ..., X3 (1)), t > 0)
is the unique solution of the system of stochastic differential equations:

dX;(t) = ¢ (X](1)) dt + dB;(t)

+% <m — X3(t) (Tf(Z)(til)Q) dt (=7)



where (By, ..., By,) is a standard n-dimensional Brownian motion and
VE>0 St = XL 4+ X2, Talt) = (XE(1) 4+ (X2(0)%

In section 2.c), we explain in details why we choose this drift. In this paper, we
only prove a fluctuation theorem for the Gaussian case of this model:

Theorem 1. Let 02 > 0. Assume that

1‘2
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and that, for any n > 1, the random variables X}(0),..., X" (0) are independent
with common distribution p = N(0,02). We denote (U(t), t > 0) the unique
strong solution of the stochastic differential equation

2 (t)
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where (B(t), t > 0) is a standard Brownian motion. Then, for any T > 0,

dz(t) = - dt + dB(t),  2(0) =0, (S,)

n3/4 n—+oo

(Sn(\/ﬁt)7 0<t< T) £, Ut),0<t<T),

in the sense of the convergence in distribution on C([0,T],R).

This theorem suggests that, at least in the Gaussian case, our dynamical model
exhibits self-organized criticality. Indeed it does not depend on any external
parameter and the fluctuations of S, (-) are critical: the processes evolve in a
time scale of order y/n and in a space scale of n3/* and the limiting process
is the solution of the "critical" stochastic differential equation (S,). This is
the same behaviour as in the critical case of the mean-field model studied by
Donald A. Dawson in [7], see section 3.a) for more details.

For any n > 1, we introduce S5 = &L+ - - +&7 where (&},...,£7) has the density
proportional to

ey, Ty) > = -
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with respect to the Lebesgue measure on R™. In this paper, we also prove the
following commutative diagram of convergences in distribution on R:

Sa(y/mt) (A Si
n3/4 t — 400 n3/4
3 3
14 !
(A ¥ 7 |42)
13 13
t — +o0 V2 1\t s4
L{(t) T 7 T (4) exp (—W) ds



In section 2, we present some results on the general case of the model and we
prove the convergences in distribution associated to the arrows (A;), (Az) and
(As) in the previous diagram. Next, in section 3, we give the strategy for proving
a fluctuation result for our model and we explain that the Gaussian case is
special because it can be analyzed through a two-dimensional problem. Finally
we prove theorem 1 in section 4, i.e., the convergence in distribution associated
to the arrow (Ay).

Acknowledgments. The author would like to thank the anonymous referee for
his careful review and useful comments which helped to improve the presentation
of the paper.

2 Results on the general case of the model

In this section, we first give general results on Langevin diffusions. Next we
apply these results to prove existence and uniqueness of the solution of (S,) and
(3¥). We also prove the convergences in distribution associated to the arrows
(A1) and (As3). Finally we give a fluctuation theorem for an alternative version
of the Curie-Weiss model of SOC.

a) Langevin diffusions

Let f be a probability density function on R™, n > 1. The Langevin diffusion
associated to f is a stochastic process which is constructed so that, in continuous
time, under suitable regularity conditions, it converges to f(z)dz, its unique
invariant distribution.

Theorem 2. Let f be a positive probability density function on R™, n > 1, such
that Inf is C?. We suppose that there exists K > 0 such that

VeeR'  (Vinf(2),a) < K(1+ [o]?).

If (B(t), t > 0) is a standard n-dimensional Brownian motion and if £ is a
random variable in R™ satisfying E(||€||*) < +oo, then there ewists a unique
strong solution to the stochastic differential equation

4y (t) = %Vlnf(Y(t)) + dB(t), (S;)

with initial condition Y (0) = &. Moreover (Y (t), t > 0) is a Markov diffusion
process on R™ admitting f(x)dx as unique invariant distribution and

Vr € R" lim  sup |P(Y(t)€A|Y(0)=2x)— /A f(z)dz| =0.

t—+oo A€EBgn

Proof. Theorems 3.7 and 3.11 of chapter 5 of [9] imply that there exists a
unique strong solution to (Sy) with initial condition &, that its sample path is
continuous and that it is a solution of the martingale problem for (Ay, &), where

n I~ 9% < /10(nf)\ dg
Vg ECHRY) - Agg =5 axﬁz(mm) s
i=1 Tt =1 ¢ t



Next, theorems 4.1 and 4.2 of chapter 4 of [9] imply that it is a Markov process
and that its generator is (Ay, D(Ay)) with C°(R™) C D(Ay). Finally theo-
rem 2.1 of [16] gives us the uniqueness of the invariant distribution and the total
variation norm convergence. O

Notice that this theorem is true if we remove the hypothesis that £ has a finite
second order moment, but the solution to (Sy) would be weak (see theorem 3.10
of chapter 5 of [9]).

b) Solution of (S,)

Theorem 2 implies that (S,) admits a unique strong solution (U(t), ¢ > 0) which
is a Markov process whose unique invariant distribution is

V2 1\ ! st

Moreover
V2 (17! 5t
t_l}&noo :ggR PU(t) € A) — 71" 1 /Aexp yp ds

This is the convergence in distribution associated to the arrow (Ajz) in the
diagram on page 3.

c) Solution of (X¥)

In this subsection, we prove that (3¥) has a unique strong solution and that
the convergence in distribution associated to (.A;) is true.

Let us define gy, ,, the probability measure with density

1 Lty | 5
* iy eR"— — 2 i 1
PR Z*wp<2y% a1t Z;w@> (1)

with respect to the Lebesgue measure on R”, where Z} is a normalization
constant. Let us prove that (3¥) admits a unique solution. For any y € R™, we
denote

Salyl =1+ +vm,  Talyl=vi+-+vh

and we notice that, for any j € {1,...,n},

0 1 Sh [y] Sn [y] ? /
8%< +2Zh%> T +1 %<LM+J”¢%)

Therefore the system (3¢) can be rewritten

ng@y:%thlAXﬁ@»+dB@L

where B = (By,...,B,). As a consequence, the solution of (X¥) (if it exists) is
the Langevin diffusion associated to f .



Let us introduce the operator L,, on C?(R™) such that, for any f € C?(R") and

y € R,
1 S,y Y Snly 2 of(y
= 2Tyl +1 2 \Tulyl +1 dy;
Theorem 3. For any n > 1, there exists a unique strong solution

(Xn(t), t>0) = ((X)(t),..., X0 (1), t > 0)

to the system (3¥) with initial condition X, (0) having a finite second moment.
Moreover it is a Markov diffusion process on R™ with infinitesimal generator
(Ln,D( n)), where C°(R™) C D(L,), and whose unique invariant distribution
is fy, ,- Finally

Vo e R" tlg_noo Ase%gn |P(Xn(t) € A| Xn(0) =) — Fin, p(A) |=0.

If we take p(z) = —22/(40?) for any = € R, then theorem 3 proves the conver-
gence in distribution associated to the arrow (A;) in the diagram on page 3.

Proof. Let n > 1. By hypothesis, there exists C' > 0 such that
VeeR  z¢(x) <C(1+2?).

Moreover ¢ is C* on R thus the function Inf} , is C* on R™. For any = € R",
we have

<Vlnf* ZJTJ al' (;4—22@1‘1)
S (Sl (Sl Y
_;xa (Tn[l']+1 T (Tn[fﬂ]-i-l) + 2¢p (x»)

_ Sala)®  Talal(Sulel)® 5

Tolz] +1  (Tu[z] + 1)2

(Sn[2])?
~ (Tafz] +1)?

+2C(n + ||z?).

Next the convexity of ¢t — t? on R implies that

(Syly])? nT,[y]
Taly] + 12 = (Talg + 12 =

since Ty, [-] < (T[] +1)*. Therefore fy  satisfies the hypothesis of theorem 2
and theorem 3 follows. O

Yy € R"

Remark: we have chosen to built our dynamical model so that iy, , is its unique
invariant distribution. It is an alternative version of the Curie-Weiss model we
designed in [4], given by the distribution

~ 1 1(x1 + +x
dun7p(x1,...7xn):78Xp <2w—|—2zgp >d$1 dxn’



where Z,, is a normalization constant. If we want to built the Langevin diffusion
associated to the density of fi, ,, we obtain the system of stochastic differential
equations

2\ T,.(t) " Ta(t)
je{l,...,n}

In this case, the interaction function is not Lipschitz and we have to check first
that T,,(t) # 0 for any ¢ > 0: this would create technical difficulties to prove
existence and uniqueness of a solution. In the next section, we give some results
on the alternative version of the Curie-Weiss model of SOC (the model defined
by the probability measure iy, , — see formula (1)).

d) The alternative Curie-Weiss model of SOC

Let p be a probability measure on R. We consider an infinite triangular array of

real-valued random variables (£)1<j<, such that for all n > 1, (&},...,&") has
the distribution
.y 1 L(zp+- 42,2\

where Z7 in the normalization constant. We define S} = ¢} + - 4 &7

We obtain the same fluctuation theorem as in [11]. We only present the case
where p has a density:

Theorem 4. Let p be a probability measure having an even density with respect
to the Lebesque measure on R and such that

Jvg >0 / ev0?’ dp(z) < 4o0.
R

If 02 denotes the variance of p and 4 its fourth moment then, under oy s
St (4t 1\ pas?
T (?mfﬂ 1) o igs) ¥

The proof of this theorem is given in section 18.b) of [12]. It is an adaptation of
the proof of theorem 1 of [11], which consists in replacing the function F' by the
function (z,y) — 22/(2y + 2/n).

If we take o(z) = —x2/(40?) for any = € R, then theorem 4 implies the
convergence in distribution associated to the arrow (Az) in the diagram on
page 3.



3 Strategy of proof

In this section, we first explain that the main ingredient for proving a fluctuation
theorem for our dynamical model (in the case of a general function) will be
the study of its associated empirical process. Next we will focus only on the
Gaussian case, i.e., when ¢ : ¥ — —12/(40?) for some o2 > 0. Indeed we will
see that the Gaussian case can be handled by studying the convergence of the

T (e () 020)

n3/4 n

We compute the generator of this process in subsection b). Finally we give the
sketch of proof of theorem 1 in subsection c).

a) The empirical process

Let ¢ be such that 3¢ has a unique strong solution ((X}(t),..., X2 (t)), t > 0).
As in the equilibrium case (i.e., the alternative Curie-Weiss model defined in
formula (1) or (2)), we would like to study the process (S,,T),). However it is
not Markov a priori, contrary to the empirical measure process M,,. It is the
process taking its values on M;(R) and defined by

1 & 1 &
V>0 VAEBr  Mu(tA)= Y Oxi(A) = - > 1A (XE(1)),
k=1 k=1

where ((X1(t),...,X72(t)), t >0) is the unique solution of (3¥).

Lemma 5. If the distribution of X, (0) is invariant under permutation of
coordinates, then (M, (t,-),t > 0) is a Markov diffusion process on Mj(R).

This lemma has a similar proof than lemma 2.3.1 of the article [7] — a paper by
Donald A. Dawson about a mean-field model of cooperative behaviour. Dawson’s
model is defined through a Markov process which is solution of a system of
stochastic differential equations. This process depends on two parameters and
Dawson proves the existence of a critical curve in the space of the parameters.
The critical fluctuations of the empirical measure process M, (-) evolve in a
time scale of order \/n and in a space scale of order n*/%. We believe that our
dynamical model has the same asymptotic behavior for the following reasons:

* The invariant distribution of Dawson’s process is a particular case of the law
of the generalized Ising Curie-Weiss model, defined in [§].

* The alternative Curie-Weiss model of SOC, defined in formula (1) or (2), has
the same asymptotic behavior as the critical generalized Ising Curie-Weiss model
(see theorem 4).

* The invariant distribution of our dynamical model is the law of the alternative
Curie-Weiss model (see theorem 3).

Let n > 1. As in Dawson’s paper, we define the process U,, by
Vi>0 VAe€Br Un(t,A) = n'/ (Mn(\/ﬁt, A) — / dp(x)).
A

It takes its values on M*(R), the space of signed measures on R.



The convergence of a sequence of Markov processes can be proved through
the convergence of the sequence of their generators. Let us denote by G,, the
infinitesimal generator of U,,. Let f and ® belong to C?(R). We assume that ®
is p-integrable. We have

Vt>0  Gnf (/}R d(2) Un(t,dz)) =VnL,Fro(XA(t),...,X2(1))

where
Fro: o eR"+— f <n1/4 (1 Z@(mk) - / O(2) dp(z))) .
"= R

If ®: 2+ z then, for any i € {1,...,n} and z € R™,

OF; 1 0*Fro 1
oot (@) = Fpa@)  and TSR (@) = o Fpa(x).

9

If ®: 2+ 22 then, for any i € {1,...,n} and x € R",

8F K 2.%1' 82F , & 41‘2 2
a; () = ~57Fpra(z) and amfz (2) = /5 Fpr (@) + —mFp ().

In both cases, if we suppose that ¢ : z — —22/(402), then we notice that,
for any « € R", the term L, Ff s (x) only depends on n, S,[z] and T,[z]. This
suggests that, in the Gaussian case, in order to prove the convergence of the
process (S, (y/nt)/n®*, t > 0), we can turn the study of U, (which is a problem
in infinite dimensions) into a problem in only two dimensions. Indeed, we
introduce the processes S, and T, defined by

VE>0  S,(t) = Snlvnt) _ / 2 U, (t,dz)
R

n3/4
and

VE>0  T(t)=n' (T”(ft) - 02> = /Rz2 Uy (t,dz).

In the rest of the paper, we suppose that ¢(z) = —22/(40?) for any = € R.

b) Generator of (S,,T,) in the Gaussian case

Let n > 1 and f € C?(R?). Let us define ¥y on R™ by

n Snple] Tylx
Vz e R Us(x)=f ( n3[/4]7 n3[/4] —n1/402> .

Proposition 6. For anyn > 1 and f € C?*(R?), we have

VE>0 L, Up(XL(t), ..., X2() = Guf (Sn(t), Tn(t)),
where, for any (z,y) € R?,

~ 0 0
Gufe.) =~ @) 2 (1)
1 82 2
+ g0 (ot = %) @) 4 3 5L ) 4202 S ) + B (0)



with

0 0
Ri(e.9) = 5 (o) RO (o) + 5 (o) R (0,1)
2¢ O*f 2y 0°f

nl/4 Gxay( )+Wﬁ<x’y)’

where (R%l))nzl and (Rf))nzl are sequences of functions from R? to R werifying

k>0 lim o osuwp max (RO (@), B2 (@,y)]) =0.
n—-+oo (w,y)ERZ
I(z,v)II<k

Proof. Let us define ¥y on R" by

n3/4 p3/4

Let z € R™. For any i € {1,...,n}, we have
oVys(x) 1 g() 2z 8f< 0
dy;  n3/1ox n3/4 dy ’
0?4 () 1 0%f 4z; O*f 4% 92 f
8y]2. _n3/2@(”.) n3/26x8y(”.)+n3/267y2( )+n3/48y( )

where we write

() instead of (Sn[m] Tole] _ n1/402)

n3/4 7 3/4

in order to simplify the notations. We have then

1 a?qff S, (] Salz] \? ;)\ 00 (x)
Lny(x 75; (Tn[x]—i—l T (Tn[x]—i—l) U;> oz
1 0%f 28, [z] 0*f 2T, [x] O f
2\F8x2( ) =7 8x8y(m) =75 @(...)
1/4Sn[x] Splz] 2]\ of
2 <1+Tn[x} 0341+ T, [2])? n3/402) sl
/ Salz] T[] ) of .
+ (nl 1+ n3/4(1 + To[z])? T p3/4g2 By( ).
We obtain that
VL, Uy(z) = G f (i3[/ﬁ] Z@Ei] n1/402) |
where G,, f is defined on R? by
= 2c O*f y f
V(x,y)ERQ an(xay)zmaxay(x7y> (/ ) 87
82
+ 5 g o)+ (9 (= () = 5ha?) e

fy a? 2\ 9f
(-5 +n3/404hn(y> o )

10



with
1\ L
. 2. 1/4
hn.ye]—an ,+OO[ (1“!‘ 1/40'2+TLO'2> .

We introduce the functions E( ) and 55,2 ) such that

y?
1/4 _ Y L
Yy > —o’n hn(y) =1— ig2 + f04 + fs (v)

and {2 (y) = hn(y)? — 1. We obtain the formula of G, f given in the proposition
with

xghn(y)Q

x x
RV (z,y) — 550 (y) — o Th/Ag2

5525n Soacn () and R :(z,y) —
ag g

It is easy to see that (R&l))nzl and ( 512))721 are sequences of functions which

converge to 0 uniformly over any compact set in R2. O

c) Sketch of proof of theorem 1

Let us denote by G, the infinitesimal generator of the Markov process which is
solution of (Sy). It is defined by

@) - (@)

VfeC*R) VxeR Gof(x):2

Let n > 1 and f € C%(R). By abuse of notation, we also write f for the function
(x,y) € R? — f(z). The essential ingredient for the proof of theorem 1 is the

introduction of a suitable martingale problem. By It6’s formula (see [17]), we
prove that

F(S.(t) = / Gnf(Sn(s))ds+ M, s (1),

where M,, r is a local martingale. By proposition 6, we have

- (n/gf 5,72

204 206

) F(5n) +Gof(5) + F(5) B (5. T)

Avf (gn ;fn)
where ( S))nzl is a sequence of functions which converges to 0 uniformly over
any compact set in R2.

Step 1: We notice that the term A ¥ (§n, T n) does not converge a priori. To
solve this problem, we introduce a perturbation: we transform the function f
into a function F;, ; which converges to f as n goes to co, and which satisfies

énFn,f (gn, fn) = Ggf(gn) + a remainder.

Notice that the perturbation theory and methodology was first introduced in [15].

Step 2: For any k > 1, we define the stopping time 7F as the first exit
time of a path of (Sn,Tn) from the domain [—k,k]?, and we prove that

11



M’:L,f =M, (- A Tff AT) is a martingale which is bounded over L2, for any
T>0and k> 1.

Step 3: We prove that P(7% < T'), the probability that a path of (§n, Tn) exits
[—k, k]? before the time T, goes to 0 when n and k goes to +oco. We also use
the concept of collapsing processes (see appendix) in order to prove that the

sequence of processes (Tn(t), t > 0)n>1 converges to 0 in the following sense:

vn >0 lim IP’( sup |Tn(t)’ >17> =0.

n—-+o00 0<t<T

Step 4: We prove that the sequence (S, (t), t > 0),>1 is tight in the Skorokhod
space D([0,T],R).

Step 5: We deduce from the previous steps that there exists a subsequence
(Sm..),, Wwhich converges in distribution to some process U on D([0,T],R).
We prove then that, for any k£ > 1 and ¢ € [0, 7],

tAT
ME, () ES.MszfquT»—ﬂum»—A Go f(U(s)) ds,

n—-+o0o

and that My is a martingale. As a consequence U is uniquely determined as
the unique solution of the martingale problem associated to G,. We conclude
that ¢ is the solution of (S,) and that (S,) converges in distribution to U
on D([0,T],R), and thus on C([0,7],R).

n>1

These steps are developed in detail in the next section.

4 Proof of theorem 1

Step 1: Perturbation
Let f € C*(R). We want to find functions Hf and K defined on R? such that

1 1

satisfies B B
GnFn,f = Gaf+Rn,fu

where En, ¢ is a remainder term. Let us find necessary conditions. We suppose
that we have built Hy and Ky and we assume that they are C?. We have then,
for any (z,y) € R?,

G A Yy OHy o wy o Y O
GnF (z,y) =n ( o2 oy DY) 204f(33)> 27 oy (oY)
_ =y OHy Lo s oy, Lo .
204 Oz (w,y) + 956 (my ro )f (x) + 2f (z) + a remainder .

The function H; should verify

Vo) eR? — LOHr ey g,



We choose 2y
Hy: (z,y) — ~5.3 "(z).

Therefore the function K should satisfy, for all (z,y) € R?,

~ y 0K x>
GnFn,f(xvy) = _ﬁaiyf($,y) + H(f/(l‘) —+ J,‘f”(qj))
1
2 3 2 .
+ 556 (xy —x°0 ) (z)+ if"(:r) + the remainder
Yy 0K ny
7 gy P g @ e @)
:I:3 / 1 1! .
sy (z) + §f (z) + the remainder .

So that the variable y disappears in the leading term of énFn #(z,y), the function
K should verify

2
Wou) B = B0 wy) + (G @)+ of (@) =0,

We choose )
K : (a,y) — 25 (3f/(2) + af"(@)).

It is easy to see that these choices for Hy and Ky are sufficient for the variable y
to disappear in the leading term of G, F,, f(x,y). The remainder term is then

Rny=R)+ #Ri’f - %Rfff.

We notice that, so that the above computations are possible, it is necessary that
f is C*. Indeed, the first four derivatives of f appear in the remainder term.
We also remark that, if f € C*(R), then the functions H¢, K; and their first
and second derivatives are bounded over any compact set in R2. Finally let us
recall that (R%l))nzl and (Rg))nzl are sequences of functions which converge
to 0 when n goes to +oo, uniformly over any compact set. As a consequence we
have the following proposition:

Proposition 7. Let n > 1 and f € C*(R). We define Hy and Ky on R? by

V(r,y) €R®  Hp(z,y) = —osf'(z),  Ks(z,y) = =2 (3f'(z) + zf"(2)).

202 ot

Then the function
' 1 1
Fopi(@y)— f(z)+ WHf(%y) + ﬁKf(ﬂ?,y),

verifies énFn,f =G, f+ }Nin’f, with }an’f a remainder term satisfying

Vk >0 lim sup ‘En,f(xa ?J)‘ =0.
n—-+o0o (z,y)€R2
I (z,0) 1<k

13



Step 2: Introduction of a martingale problem

We give ourselves n > 1 and f € C4(R). For any t > 0, we have

f (W) = f(gn(t)) = (me - #Hf - \/lﬁKf> (§n(t),j:’n(t))
We define the process (M, ¢(t), t > 0) by

VE>0  Mys(t) = Fuyg(Su(t), Tn(t)) — Fus(S4(0), T0(0))

By applying It6’s formula to the function

Sh T,
U7 (x1,...,2,) ER" — F, ¢ < 2] Tulz] _ n1/402) ,
we obtain
ov
VE>0 My g(t) =nt/? / (X, ( dB;
> ) =n z L (X, () dE ).
It is a local martingale and

VE>0 (MM nft—fZ/ (8(;11;’") (Xn(v/ns)) ds

For any k > 0, we introduce the stopping time 77 defined by

Tk—lnf{|5 )2k or |Ta(t)] =k},

Let T > 0. We denote ./\/ln’f(t) = M, (t A\TE AT) for any t > 0.

Lemma 8. For allk > 1, n > 1 and f € C4R), the process M’fhf s a
martingale which is bounded over L?. Moreover

vVt >0 sup E (./\/lfhf(t)Z) < 4o00.

n>1

Proof. For any t > 0, we have

M n pATIAT /g ; 2
<Mn NE n,f>t = ﬁ;A (%]’) (Xn(\/ﬁs)) ds
Moreover, for all i € {1,...,n} and z € R,
3:L‘i (z) = n3/4f <n3/4

1 ( 1 OHy 1 aKf) (Sn[x] Tn[x]_n1/402>

A\ p4 5 T 2 ox N3/ /4

2x; 1 OHy 1 0Ky Splx] Thlz] 1/4 2
n3/4 \ nl/4 9y +n1/2 oy n3/4’ p3/4 —nto .

3)
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By squaring these terms and by summing over all i € {1,...,n}, we observe that
there exists a constant C’]]f > 0 such that, for all z € R™ verifying

Sn [x]

n3/4

T[] _pl/4s2

<k and 3/

<k,

we have

n 2
3 g\ _ CF
=\ Ox; ) ~ Vn

J
As a consequence, for any t > 0,

sup E (M} ¢, ME ()y) <CFT.

n>1

Therefore, for any n > 1, the process MfL pisa martingale bounded over L?
(see theorem 4.8 of [14]) and

vi>0  E(ME 1)) =E (ML, ME L)) <CFT.

This ends the proof of the lemma. O

Step 3: Study of the asymptotic behavior (7%),>1

Lemma 9. For any € > 0, there exist nc > 1 and k. > 1 such that

sup P (7Fe <T) <e.
n>ne

Moreover the process (Tn(t), t> O)n , collapses to zero, i.e.,

>

vn >0 lim IP’( sup |fn(t)f>n> =0.

n—-+o0o 0<t<T

Proof. Let k,e > 0 and n > 1. We have

IP’(T,’f < T) < IP’( sup |Tn(t)’ > g) —l—IP’( sup |§n(t)‘ >

0<t<TATE 0<t<TATE

N |

) |

Let us deal with the bound of P(A¥). To this end we would like to apply
proposition A.2 in appendix to the positive semimartingale (£, (), t > 0),>1
defined by

We denote P(AX) + P(BF) the sum in the right side of this inequality.

Vn>1 Vt>0  &.(t) =Tn(t)?.

By applying It6’s formula, we get

&, (t) = G fo(Sn(t), Tu(t)) dt +n'/4 Z % T, (t) dBi(t),

15



with fo : (z,y) —_ y?. With the notations of proposition A.2, we have
Ca(t) = Gnfo(Sn(t),Tn(t)) and Z,;(t) = 4n=1/2X} (\/nt) Ty (t) for all t > 0,
n>1landie€{l,...,n}. We have

n

~ 1 <N
Yn>1 Vtelo,7F) > Zni(t)? = 16Ty (1) - > X (Vnt)?
=1

i=1 =
- T,(t
=16T,(t) (02+ n154))-

Hence condition (¢}) of proposition A.2 is verified with C5 = 16k?(0? + k). Next,
by proposition 6, for any n > 1 and t € [0, 7¥]

2\/ﬁ A 2 2 - 2N /S ~ 4 ~
Golt) = =5 Tat)? + 40 + 2 Ta (R (50, Tal®) + LTt
2/n Ak
< - ;Qfgn(t)+402+2k sup ‘Rg)(%y)}_,_m.

(@ y)lI<k

Condition (%3) is then verified with x,, = \/n for any n > 1, Cy = 2/0?,

Cy =402+ 2k sup sup ‘R%z)(ac,y)‘ + 4k < 400
n>1 ||(z.)l<k

and Cs, (8 )n>1 may be chosen arbitrarily. We choose (5,,)n>1 such that 3, /k,
goes to 0 when n goes to +oc.

Let us examine condition (%2): we denote Y, = (Xfl(O))2 —o0? for any
i€{l,...,n}. Since X}!(0),...,X"(0) are independent random variables with
common distribution N(0,0?), we get that Y,!,...,Y," are independent identi-
cally distributed random variables which are centered and have finite moments
of all orders. Theorem 2 of [3] implies that, for any v > 2, there exists K, > 0
such that

Vn > 1 E(Y;+---+Y,;ly”)gKvnv/2.
Hence, for alld > 1 and n > 1,
d 1 1 o) nd —d/2

Condition (%) is then satisfied for any d > 1, with C; = Kyq and «,, < y/n for
all n > 1. So that condition (%)) is verified, we choose d > 2 and «,, = nt/4 for
all n > 1. We have

/‘67%04;1 Vankol = p/@D=1/4\, p=1/4 _ 1/(2d)=1/4

As a consequence, proposition A.2 implies that there exist M > 0 and n; > 1
such that

IN

(4)

sup ]P’( sup |Tn<t)’2 > Mnl/(Qd)_1/4> %

n>ny 0<t<TATE

We increase the value of nq so that

~ k
sup ]P’( sup ‘Tn(zf)|2 > 2) < g

n>ny 0<t<TATE

16



Let us deal now with the term P(BF). In the rest of this proof, we assume that
f is the function (z,y) — 2%. We have

Yn>1  S.(t)%=F,;(S.(t),T I Sn(t)? Tu(t) gn(t\)/zﬁzz(t)z

3
—
~
N
SN—
3
—
~
Ny
Q
%)

thus

Vn > 1 Fonr (gn(t)afn(t)) = §n(t)2 (1 - 73;?4(?2 + %?4 > :

We obtain that, for n large enough,

P(BF) =P < sup ’gn(t)f > k:)

0<t<TATE

<1P>< sup Fnyf(gn(t),fn(t))>k;>

0<t<TATE

~ ~ 2 2
<P <Fn7f(sn(0),Tn(0)) > ];4> +P ( sup My, f(t) > ];4>

0<t<TATE

+IP’< sup énFn7f(§n(t),7~“n(t))>k2>.

0<t<TATk 24T

For any n > 1, the random variables X!(0),..., X"(0) are independent with
common distribution N(0,0?) thus, by the Central Limit Theorem, we get
(51,(0))p>1 and (T,(0)),>1 converge in distribution to 0. This implies that, for n
large enough,
- - k2
P F, ¢(S,(0),T,(0 = | < =
(Fus GO Tat0) > 5 ) <2
Next proposition 7 gives us

~ ~ ~ g 4 ~ ~ ~
CuFog (3, Tut0) =1 - 22 B (800, Tol)

<1+ ‘En,f(§n(t),fn(t))) .

g

and

lim sup | R, f(u,v)| = 0.
n=H0 | (u)|| <k

If we choose k > /24T and n large enough, then

N B N 2
p< sup Gl (3,0.7(0)) > Jh)

0<t<TATE

~ k2 c
<Pl Ry t(u,0)] > — | < =.
- ( T [Br (o) 24T> <5

Finally, by lemma 8, /\/lffb ¢ is a martingale thus Doob’s maximal inequality

implies
p Moy > ) < B (M,/(T)
su n > — | < —2
octetnm I T g (k2/24)2

17



Lemma 8 also implies that (IE(/\/II:L,JC(T)Q))TL>1 is a bounded sequence. Hence,
for k large enough, B

P su M (t)>k—2 <<
P s 24 |=6

0<t<TATE

As a consequence, there exist ny > 1 and k. > 1 such that P(B) < ¢/2 for all
n > no. We denote n. = n1 V ny. We have proved that

VYn>n.  P(rf <T) <P(Ak) +P(BF) <e

Let us prove the second assertion of the lemma: for any n > 0, we have

]P’( sup ’Tvn(t)‘ > 17) §IP’< sup ‘Tvn(t)|2 > 772> —HP’(T,]fE <T).

0<t<T 0<t<TATke
By formula (4), for n large enough,

~ 3
IE”( sup |Tn(t)| > 77) < - +P(T:§E < T) < —E.
0<t<T 2 2
By letting € goes to 0, we obtain that (fn(t), t> 0)n>1 collapses to zero. This
ends the proof of the lemma. B O

Step 4: Tightness of (S, (t), t > 0),>; in D([0,T],R)

Since (X, (t),0 <t <T), n > 1, and the limiting process (U(t), 0 <t < T)
belong to C([0,T],R), it is enough to prove that (S, (), ¢t > 0),>1 is relatively
compact for the weak convergence in D([0, T, R), which is a Polish space (see the-
orem 12.2 of [2]). Prohorov theorem (theorem 5.1 of [2]) implies that it is enough
to prove that (S, (t), t > 0),>1 is a tight sequence. As in [6] and [5], we use the
following tightness criterion:

Proposition 10. A sequence (§,(t), 0 <t <T),>1 on D([0,T],R) is tight if
(a) for any e > 0, there exists M > 0 such that

sup P ( sup |§n(t)| > M) <e,
n>1 0<t<T

(b) for any e >0 and n > 0, there exists 6 > 0 such that

sup sup P (|&n(m2) — &a(m)| = n) <e,
n>1 71,72€Tn
01 <72 <(T1+0)AT

where, for any n > 1, T, is the set of all the stopping times adapted to the
filtration generated by the process &,.

Lemma 11. The sequence (S, (t), 0 <t <T), -, is relatively compact for the
weak convergence on D([0,T],R). -
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Proof. It is enough to prove that (S, (t), 0 <t < T),~; verifies conditions (a)
and (b) of proposition 10. In the proof of lemma 9, we proved that, for any
a > 0, there exists k, > 0 and n, > 1 such that

sup P ( T)

n>neg
and, for all n > ng,,
~ k
P sup |Su(t)] > = | < g
0<t<TATEa 2 2
We give ourselves € > 0 and we denote o« = 2¢/3. We obtain that, for all n > n,,
~ ko,
IP’( sup ‘Sn(t)’ > )
0<t<T 2
~ k 3
<P sw [S.0)]>"2 ) +P(rhe <T) < T =
0<t<TATEe 2 2
Hence condition (a) is verified.

We prove now condition (b): we give ourselves n > 1 and €,7,0 > 0. Let 7, and 75
be two stopping times adapted to the filtration generated by the process .S,, and
such that 0 <7 <75 < (11 +0) AT. Setting o = 2¢/3, we have

P |Sn(7-2) - Sn(71)| > 77)
<P (|Sn(re ATE) = Sp(mi ATE)| > ) + P (rke < T)

g%E(ﬁAmAﬁﬂf§AnAﬂﬂD+a,

where we used Markov’s inequality. In the rest of this proof, we assume that f
is the function (z,y) — x. We have

‘5 (Tg/\Tk“)—g (Tl/\r,’f“)}
< 1/4 |Hf( (o ATF )Tn(TQ/\TTIfO‘))*Hf(gn(’rl/\Tylf‘l),fn(Tl/\T;fa)H

\f }Kf( (12 /\T o), Tn(TQ /\Tﬁa)) — Kf(gn(ﬁ /\'r,’f“),fn(ﬁ /\7‘7]:&))|

TaNT, < - N _
+/ & ’GnFn,f(Sn(u)an(u))‘ du + ‘M'Ir?:f(TQ) — Mﬁ?f(Tl)‘ .
TINTR S

We have
B (Mg )~ M) ) < ((Mnﬂ”) Mﬁff(ﬁ))Z)

=E (E[ (MI::f(Tz) - MfL‘ff(Tl) 2 ‘Qfl ] ) ;

where G —U(M +(s), 0<s < t) for all ¢ > 0. By lemma 8, MPEeis a mar-
tingale bounded over L? thus it is uniformly integrable. Martlngale Stopping
Theorem (theorem 3.16 of [14]) implies that

My () = E| Mizy ()

o]
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Hence
2
B[ (M) - Miz ) [ o2

= [Mi?f(ﬁ)g

gr } + My (1)? = 2Mpey (r)E [M’;:*f(w)

g;z}

— ]E{M’;‘jf(ﬁf gg} — M’:;f(ﬁf

QLZD

- E(]E [ (Mg, My, — (Myep, M)y

and thus

E <]E [ (Mﬁff(Tz) - Mﬁ?f(Tl))Q

)

n To ‘r:j@ 2
=E(vn) (O (X (vVnuw)) du ) < Chs
= ka 0z " =75

T1NTh,

where C’;" is the constant introduced in the proof of lemma 8 for & = k,. We get

E ([Mbey(m) = Miry(m)] ) < \JCpos.

Next, since f : (z,y) — x, proposition 7 yields

L S~ x n
GnFo g (Sn(t), Th(t) = — 254) + Ry (Sn(t), Th(t))
and B
vk >0 lim sup |Rn7f(x,y)| =0.
e | (2,y) | <k
Therefore

Tg/\T:‘L"“ . - - k3 -
/ |GnFn,f (Sn(u),Tn(u))| du < (O‘ +  sup |Rn7f(ar,y)|> 0.

L Arhe 200 @y)li<ka
Finally
- - _ - E2
‘Hf (Sn(TQ ATF) T (0 A T,’f“)) - Hf(Sn<7'1 ATR) T (1 A T,’f“))‘ < J—‘;
and
}Kf (gn(TQ A T,’f"),fn(Tg A T,’f")) - Ky (gn(rl A Tff“),fn(ﬁ A T,’fa))’ < %.

Hence, for n large enough and ¢ small enough,
E ( |§n(7'2 AThe) =S, (m A Trlf‘*)| ) < ?.

We obtain

P (|Su(r2) = Salm)| 2 1) < 3; .

Condition (b) of proposition 10 is then satisfied and this ends the proof of the
lemma. O
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Step 5: Identification of the limiting process and convergence

Let us identify the limiting process. By lemma 11, there exists a subsequence
(Sm, (t), t > 0) _ which converges in distribution to some process (U(t),t > 0)
on D([0,T],R). By lemma 9, (T, (t), t > 0) converges in distribution to
the null process on D([0, T, R).

For k > 0, we introduce the stopping time
7 = min (T, inf { T (t)| > k:}) .
t>0

If t > T then P(7F <t) =1 and, if t < T, then

n

n>1

lim P( <#)< lim P T.0)] >k ) =0
n~1>IJIrloo (Tn_ )_nJ}Jrrloo (OiltlET| n( )|_ ) ’

by lemma 9. As a consequence (75),>1 converges in distribution to 7.
We give ourselves f € C*4(R). For any n > 1 and t € [0, T,
~ ~ ~ 1 1 ~ ~
P Bul0) Tal0) = £(3a(0) + (i + 17357 ) (Bulo) Tole)

the functions H; and K being continuous. Next, proposition 7 implies that,
for any n > 1 and ¢ € [0, T,

GnFpp (Sn(), Tu(t)) = Gof(Su(t)) + Ry (Su(t), Tu(t)),

where R,, ¢ is a continuous function on R? such that

vk >0 lim sup | R p(z,y)| = 0.
n——+00 (m)y)eRQ | " |
Iz )<k

Let &k > 0. For any ¢t > 0, we obtain
tAT

Mo f(ENFE) Ly My(t) = FUEAT)) — FU0)) — Gy f(U(s)) ds.

n——+oo 0

For all n > 1 and t € [0, 7], we have

N atATE 2
Mo (AT Mog 7 =vids [ (T ) (o) ds

and, using formula (3), we get

vy (%) (i)

T (s [ e e e

nl/4 9x  nl/2? Ox
AT, ) 1 0H; 1 0K;) = ~.\\°
+ <n1/4 +4do ) <[n1/4 By T By (S Tn)
45, = 1 9H; 1 0K;] = =~
+ (f’(Sn) + {nl/‘l ot 1 } (Sn,Tn)>

1 0H; 1 0K;] ,= ~
X<|:n1/4 ay +n1/2 ay](snyTn))
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Assume that f has a compact support. Then we observe that there exists a
constant C"fC such that

T <k — fZ(ag;]f) (X, (Vi) < C.

As a consequence M, ¢(- A 7F) is a martingale and

vt >0 sup E (M, f(t A FS)Q) < 5’}“T < +o0.

n>1

This implies that, for all ¢ > 0, (M, ¢ (t A ﬁ’;’l“))n>1 is an uniformly integrable
family. Therefore M ¢ is a martingale. B

Theorem 1.7 of chapter 8 of [9] implies that the martingale problem associated
o{(f,Gof): f € CPR)} admits a unique solution: it is the strong solution
of the differential stochastic equation

2 (t)

do(t) = == dt +dB(1),  2(0) =0,

where (B(t),t > 0) is a standard Brownian motion. As a consequence the
limiting process (U(t), 0 < ¢ < T) is uniquely determined. Therefore

(Sn(\/ﬁt),ogth> = (S.(t),0<t<T)

3/4 n>1
n3/ n>1 >

converges in distribution to (U(t), 0 <t < T) on D([0,T],R). Finally, since the
sample paths of (U(t), 0 < ¢ < T') are continuous, this convergence in distribution
holds in C(]0,T],R). This ends the proof of theorem 1.

Appendix
A proposition on collapsing processes

Definition A.1. A sequence of real-valued stochastic processes (&,(t), t > 0)p>1
collapses to zero if

Ve>0 VT >0 lim IP’( sup |£n(t)|>€):0.

n—-+o00 0<t<T

The concept of collapsing processes has been developed by Francis Comets and
Theodor Eisele in [6].

Proposition A.2. Let (§,(t), t > 0),>1 be a sequence of positive semimartin-
gales on a probability space (Q, F,P). For anyn > 1, we give ourselves an integer
my > 1 and independent standard Brownian motions (B;),<;<,, which gener-
ate a filtration (Fi),~,. We assume that there exist (]-'t)t>0-adapted processes
(Cn(t), t > 0) and (Z,,i(t), t > 0)1<i<m,, Such that

mn

dén(t) = Cu(t)dt + > Zn i(t)AB;(t).
=1
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We suppose that there exist d > 1, positive constants C1,...,Cy, increasing
sequences (Kp)n>1, (Qn)n>1, (Bn)n>1 and a sequence (T, )n>1 of stopping times
verifying

kit — 0, kota, — 0, ko lBn — 0, (¢1)
n——+oo n—-+00 n—+00

d
¥n>1 E [(gn(o)) } < Cray, ()
vn > 1 Vte [O»Tn] Cn(t) < _Kn02£n(t> + ﬂnCS + C47 ((53)

and .
Vn>1 Vte [O,Tn] Z Zn’i(t)2 < Ck. (%4)

i=1

Then, for any e >0 and T > 0, there exist M > 0 and ng > 1 such that

sup ]P’( sup &, (t) > M (méa;l Vann;1)> <e.

n>ngo 0<t<T ATy,

This is proposition 4.2 of [5]. It is a simple adaptation of the proposition in
appendix of [6].
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